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ABSTRACT
The most general two-dimensional dilaton gravity theory coupled to an Abelian
gauge eld is considered. It is shown that, up to spacetime dieomorphisms
and U(1) gauge transformations, the eld equations admit a two-parameter
family of distinct, static solutions. For theories with black hole solutions,
coordinate invariant expressions are found for the energy, charge, surface
gravity, Hawking temperature and entropy of the black holes. The Hawking
temperature is proportional to the surface gravity as expected, and both van-
ish in the case of extremal black holes in the generic theory. A Hamiltonian
analysis of the general theory is performed, and a complete set of (global)
Dirac physical observables is obtained. The theory is then quantized using
the Dirac method in the WKB approximation. A connection between the
black hole entropy and the imaginary part of the WKB phase of the Dirac
quantum wave functional is found for arbitrary values of the mass and U(1)





Two dimensional models of gravity have been the subject of much research
in the hope that the simplicity of these models might yield clues to theo-
retical problems associated with the evaporation of black holes via Hawking
radiation[1]. One question of particular current interest concerns the nature
of the radiation for charged black holes near extremality where the standard
thermal description is expected to break down[2]. Recently, a unied descrip-
tion was presented of the most general 2-D vacuum dilaton gravity theory[3]:
the Killing vector for the generic theory was found, and in the case where
black hole solutions were present, expressions for the surface gravity and en-
tropy were derived. In the process, an intriguing relationship was uncovered
between the black hole entropy and the phase of the Dirac quantized physical
wave functionals for stationary states in the theory.
The purpose of the present paper is to extend the analysis of [3] to in-
clude coupling to a U(1) gauge eld. The action functional we will consider
depends on the two-dimensional metric tensor, the dilaton scalar and an
Abelian gauge eld. We consider the most general case for which the eld
equations are at most second order in derivatives. This allows two arbi-
trary functions of the dilaton eld in the action.
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The rst is the dilaton
potential, while the second is eectively a dilaton dependent \electromag-
netic coupling" in the Maxwell term for the gauge eld. For specic choices
of these two functions, we obtain various models of current interest. One
such special case describes \dimensionally reduced" 3+1 spherically sym-
metric black holes[6] with electric charge. Another interesting example is
Jackiw-Teitelboim 2-D gravity[7] with U(1) gauge coupling, which provides
a dimensionally reduced model[8] for the spinning (axially symmetric) black
holes of Banados, Teitelboim and Zanelli[9]. String inspired dilaton gravity
coupled to an electromagnetic eld, which was discussed by Frolov[10], is also
contained as a special case.
The paper is organized as follows: Section 2 presents the action and eld
equations. Section 3 derives the most general solution in conformal gauge,
1
The Dirac quantization of dilaton gravity coupled to a Yang-Mills eld has recently
been considered by Strobl[4], while the perturbative quantization of Dilaton-Maxwell the-
ory has been examined by Elizalde and Odinstov[5].
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identifying the two coordinate invariant parameters labelling inequivalent so-
lutions. The Killing vector associated with each solution is also written down
in covariant form, and used to derive a necessary condition for the existence
of black hole solutions. This condition in eect provides the equation of state
for the black hole, from which the thermodynamic quantities can easily be
derived. The Hamiltonian analysis is described in Section 4. The reduced
phase space is shown to be four dimensional and explicit expressions are
given for the corresponding (global) physical observables. Section 5 derives
the thermodynamical properties of black hole solutions in the generic the-
ory, including the surface gravity and entropy. It is shown that the surface
gravity vanishes for extremal black holes in the generic theory. The Dirac
quantization of the generic theory is presented in Section 6, and a relationship
is found between the imaginary contribution to the WKB phase of station-
ary states and the entropy of corresponding classical black hole solutions.
The imaginary contribution to the phase vanishes for extremal black holes
in the general theory. In Section 7, specic cases of physical interest are
described within this formalism. Finally, Section 8 closes with conclusions
and prospects for future work.
2 The Model
The most general action functional depending on the metric tensor g

, scalar
eld  and vector potential A

in two spacetime dimensions that contains at














































Abelian eld strength tensor. V () and W () are arbitrary functions of the





are dimensionless, as is the 2-D Newton constant, G. This requires the
inclusion of a coupling constant, l, of dimension length in the potential term.
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for any admissable value of  then the kinetic term for the scalar eld can



































































For example in the Achuracco-Ortiz model[8], V =  ( > 0) and W = 
3
,
while in the string inspired model[10], V = constant and W = 
2
. For SSG
with an electromagnetic eld, V = 1=
q
2 and W = (2)
3=2
. In the following
we consider the action in the form Eq.(6), and henceforth drop the bars over
the elds.





















































) = 0 (11)
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3 Generalized Birkho Theorem
We now provide a simple proof of the two-dimensional version of Birkho's
theorem for the model, extending the results of [13]. Without loss of gener-
ality we choose a coordinate frame in which the metric is conformally at,
and introduce light cone coordinates z
+
= x+ t and z
 
















































































































































































































where q is a constant.
Substituting the above solution for F into (15-17) and then comparing
the result with Eqs(16-19) of Ref.[13], we see that they are identical providing
we replace














> 0 ; (23)
it is always possible to choose a local coordinate system in which @=@t = 0,








































where C is another constant, and j() and k() are dened by:
dj()
d







Note that the constants of integration that result from the implicit denitions
of j and k above can without loss of generality be absorbed into C. Also, since
 is independent of time, so are  (cf. Eq.(25)) and F (cf. Eq.(21)). Thus, we
have shown that (up to spacetime dieomorphisms) every solution is static,
and depends on two independent parameters: q and C. The solutions can
be expressed in terms of the spatial coordinate, x, by inverting Eq.(24):












The constant of integration here corresponds to a trivial shift x ! x +

































< 0, one can repeat the ar-
gument above to show that there always exists a local coordinate system
in which the solution is independent of the spatial coordinate[13]. In this
case, the solution is identical in form to the one given above, but with the
x-dependence replaced by t-dependence.
In order to verify that the constants of integration q and C are indeed
independent of coordinate system and choice of U(1) gauge we observe that


















W ()F : (32)
Clearly q plays the role of electric charge in the theory, while as shown below,
C determines the energy of the solution.
The above solutions have a Killing vector which (for e
2
> 0) is timelike




















leaves the metric, the scalar eld and the electromagnetic eld strength in-
variant as long as the eld equations (9-11) are satised. Thus the Killing
7
vector Eq.(33) represents a symmetry of every solution in the generic theory.



















where we have used Eq.(31) to obtain the second line of the above. Dening









the necessary condition for a given theory to admit charged black hole cong-
urations that possess an event horizon is the existence of curves in spacetime
given by (x; t) = 
0
= constant such that
f(
0










C = 0 (36)













may be a local extremum of the function f(;C; q), or a point of
inection. If it is an extremum, the norm of the Killing vector does not
change sign as one moves through the event horizon at  = 
0
. Moreover,
if q is varied away from its critical value, the horizon in general will either
disappear, or two event horizons (an inner and outer horizon) will appear.
In this case, the condition Eq.(37) signals the presence of an extremal black
hole. In the special case that one has a point of inection, the norm of
the Killing vector does change sign, but as the parameters are varied away
from their critical values, one expects the formation of either one, or three
horizons. These model independent conditions for the presence of extremal
horizons will be useful in Section 5, when the thermodynamic properties are
discussed.
We close this section on the space of solutions by writing down the most
general solution in a particular convenient gauge. We choose the x-coordinate
8
to be x = l, and g
tx
























where f is dened in Eq.(35). As we shall see in Section 5, this form of the
solution allows one to extract in a very simple way the thermodynamic prop-
erties of the black hole. First, however, we will do a Hamiltonian analysis of
the theory to prove that C and q are indeed a complete set of physical con-
guration space variables, and that the parameter C determines the energy
of the solution.
4 Hamiltonian Analysis
Spacetime is assumed to be locally a direct product R, where the spatial















where x is a local coordinate for the spatial section  and ,  and M are
functions of spacetime coordinates (x; t). In terms of this parametrization,























































In the above dots and primes denote dierentiation with respect to time and







































The momenta conjugate to , M and A
0
vanish: these elds play the role of
Lagrange multipliers that are needed to enforce the rst class constraints as-
sociated with dieomorphism and gauge invariance of the classical action. A
straightforward calculation leads to the canonical Hamiltonian (up to surface























































are secondary constraints. The notation \ 0 " denotes weakly vanishing in
the Dirac sense[14]. It is straightforward to verify that the above constraints
are rst class and that no further constraints appear in the Dirac algorithm.
The constraints F and G generate spacetime dieomorphisms. The remain-
ing constraint J is the analogue of Gauss's law, and generates U(1) gauge
transformations. Since there are three rst class constraints and six phase
space degrees of freedom at each point in space, there are no propagating
modes in the theory. In fact, the reduced phase space is nite dimensional.
As in the vacuum case[16], the constraints can be explicitly solved for the
momenta as a function of the elds:















where we have dened:



































In the above, C and q are arbitrary constants of integration which repre-
sent physical observables in the theory. Using Eq.(49) and Eq.(51), these


























It is straightforward to show that C and q as dened above have vanishing
Poisson brackets with all the constraints: they are physical observables in
the Dirac sense. Moreover, both C and q are independent of the spatial
coordinate on the constraint surface. q
0
 0 follows trivially from Gauss'















J  0 (56)
Since the observables C and q have vanishing Poisson bracket with each
other, the reduced phase spaceis four dimensional. The momenta conjugate



















































It is straightforward to verify the canonical Poisson bracket relations:
fC; p
C
g = fq; p
q
g = 1 (59)
fC; qg = fC; p
q






g = 0 (60)
As in the case of pure dilaton gravity[16], the apparent discrepancy between
the generalized Birkho theorem (which states the existence of a two param-
eter family of solutions up to spacetime dieomorphisms and gauge trans-
formations) and the dimension of the reduced phase space is explained by
2
In practice, these were calculated by dierentiation of the exact Hamilton-Jacobi func-
tional derived in Section 6 with respect to the observables C and q.
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the following observation. The conguration space variables C and q are
invariant under a general canonical transformation generated by:
Z
dx (F + G + J ) ;
independent of the boundary conditions on the test functions. The momenta,
























































For non-compact spacetimes, the momenta are invariant only if the test func-
tions vanish suciently rapidly at innity. Since symmetry transformations
in the canonical theory are dened precisely in terms of test functions that




are physical observables, as claimed above. How-
ever, in the proof of Birkho's theorem, the global behaviour of the space-
time dieomorphisms and gauge transformations is not restricted, and hence





be changed by \non-canonical", large dieomorphisms and/or U(1) gauge
transformations. As shown for SSG by Kuchar[6], and for generic 2-D dila-
ton gravity[3], the momentum conjugate to C has a physical interpretation
as the time separation at innity. p
q
, on the other hand, is clearly related to
the asymptotic choice of U(1) gauge.
We now address the question of surface terms and derive the ADM energy
of the generic solution. The analysis is simplied by rst using Eq.(56) and



































at spatial innity, the surface term that is required in order to ensure that





























The resulting ADM energy, which is by denition equal to H
ADM
evaluated





Thus C is indeed related to the energy of the solution, as claimed above.
Similarly, the \electric charge" q can be seen to be the conserved charge
associated with U(1) gauge transformations that leave A
0
invariant at spa-
tial innity. Note that this derivation of the ADM energy does not require
asymptotic atness
3
, merely that the solutions approach the static Reissner-
Nordstrom form given in the previous sections. This is important since the
black hole solutions are not asymptotically at in the generic case: for ex-
ample in J-T gravity, the solution is asymptotically deSitter.
For completeness we now write down the Hamiltonian equations of motion
that follow from the canonical Hamiltonian Eq.(63) when supplemented with




























































































The derivation of the ADM mass in generic dilaton gravity has recently been discussed
in [17] and [18]
13
The physical observables C and q commute with the canonical Hamiltonian,
and are therefore time independent, as expected.
5 Thermodynamic Properties
























is a solution Eq.(36). Using the expression Eq.(33) for the Killing














The Hawking temperature in the generic theory can be calculated by ana-
lytically continuing the solutions Eq.(38) to Euclidean spacetime and impos-
ing periodicity in the imaginary time direction in order to allow non-singular
solutions without boundary at the outer horizon. The Euclidean solutions


















where M = lC=2G, and f(
x
l
;M; q) is the square of the norm of the Killing
vector dened in Eq.(35). By dening a dimensionless time coordinate  :=
t
E

































and the prime denotes dierentiation with respect to x. The solution will be
regular at R = 0, if H(R) ! 1 as R ! 0 and the coordinate  be periodic
with period 2. The Hawking temperature is then the inverse of the period















is the location of the horizon. Using Eq.(35) and the fact
that j
0
= V=l and k
0
= 1=(lW ), we are able to verify the standard relationship
between the Hawking temperature and the surface gravity in the generic
theory:
 = 2T (78)
Since Eq.(37) signals the presence of an extremal black hole at  = 
0
, this
shows that the surface gravity and Hawking temperature both vanish for
extremal black holes in the generic theory.
From the form of Eq.(73) and Eq.(35) it is also possible to extract directly
the entropy of the black hole. In particular, if we vary the solution innites-
mally, but stay on the event horizon 
0
which is a solution to f(
0
;M; q) = 0,






























which is of the desired form:








and generalized force P := qlk(
0
) associated with the charge q. Note that
the entropy Eq.(82) is proportional to the value of the scalar eld at the event
15
horizon. Eq.(82) has precisely the same form as the expression obtained for
general dilaton gravity without U(1) gauge eld in [3]. The above analysis
implies that in dilaton gravity, Eq.(36) can be interpreted as the thermody-





to the extrinsic macroscopic variable q.
Although Eq.(82) was obtained using a convenient choice of coordinates,
it is in fact coordinate invariant. We will now verify this by using Wald's
general method[11] to derive the entropy of black hole solutions in the generic
model. The application of the method in 1+1 dimensions turns out to be
simpler than in higher dimensions. Here we use the language of tensor cal-
culus but the analysis can easily be repeated using forms as done by Wald.
In general one looks at the variation of the action under space-time dieo-





















where for the moment we use a condensed notation in which the complete set
of elds (including the metric) is denoted by 
A
(x), and x is the spacetime
coordinate. It can be shown that, under such a general transformation, an






















is the associated Noether current. Dieomorphism invariance of the






























































where  denotes variation of the corresponding eld under Lie derivation
along x
















The variations of the scalar eld and metric vanish for such transformations,















































































Note that the last term is gauge dependent, but has identically vanishing
divergence. The Noether current is not uniquely dened in general since one
can always add to it an arbitrary divergence free term. As shown by Wald,
however there is a unique dieomorphism covariant current which contains at
most rst derivatives of the elds. In the present case we must also add the


















































































Since the exterior derivative of J vanishes identically we can at least locally





























According to Wald's prescription, the value of Q at the event horizon should



























where  is the surface gravity and S is the entropy dened in Eq.(82) above.
6 Dirac Quantization
We will now quantize the generic theory in the functional Schrodinger rep-
resentation, using techniques rst developed by Henneaux[15] to quantize
Jackiw-Teitelboim gravity, and later extended to the generic dilaton gravity
theory in [16]. Similar techniques have recently been applied by Strobl[4] to
the quantization of dilaton gravity coupled to a Yang-Mills eld in a rst
order formalism.
Following the standard Dirac prescription we rst dene a Hilbert space
of states described by wave functionals  [; ;A
1
] dened on the unreduced
conguration space. Given a Hilbert space scalar product of the form:











we can dene Hermitian operators for the momenta canonically conjugate to












































Physical quantum wave functionals 	[; ;A
1
] are dened to be those
states annihilated by the quantized constraints:
^
F	 = 0 (101)
^
~
G	 = 0 (102)
^
J	 = 0 (103)
The rst and last constraints are linear in the momenta and the standard
factor ordering with all the momenta on the right is self-adjoint providing
that the functional measure  is invariant under the corresponding gauge
transformation. The factor ordering for the Hamiltonian constraint
~
G on
the other hand is more subtle. Here we will be concerned only with the
lowest order, or WKB approximation, and hence we can safely defer questions
concerning the choice of factor ordering and measure.
To proceed we look for the analogue of stationary states in the theory. In
particular, since the observable C dened in Eq.(54) determines the energy





C	 = C	 (104)
where C is a constant. Note the Eq.(104) automatically guarantees that the





	 = 0 (105)
Analogously, the U(1) gauge constraint can be satised by looking for eigen-






	 = q	 (106)
Thus we are looking for (spatial) dieomorphism invariant energy and charge
eigenstates. Since C and q are a complete set of variables, one can construct
all states by taking linear combinations of such states.
The WKB approximation for gauge theories in general and quantum grav-
ity in particular has been discussed extensively by Barvinsky[20] and more















] + :::] (107)
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To lowest order in h we nd that S
0



























































Note that Eq.(108) is the Hamilton-Jacobi equation for the theory. Remark-
ably, the above functional dierential equations can be solved exactly. After


















where g and Q are dened in Eqs.[52] and [53]. The closure of the constraint
algebra guarantees that these functional dierential equations are integrable.




























As expected, the partial derivatives of S
0
with respect to C and q yield




, as given in
equations Eq.(57) and Eq.(58).





) in a dierent way. If one chooses to rst solve the constraints
in the theory classically as in Eqs.[49-51]and then quantize, one obtains the






























	 = 0 (116)
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=h provides an exact solution to the constraints,
providing that the quantum operators are dened to be Hermitian with re-
spect to a trivial functional measure  = 1. Thus, 	
0
can be interpreted
[15],[16] as an exact physical wave functional for the theory in which the
original constraints are replaced by their classical solutions Eqs.[49-51]. The
quantum theories are equivalent classically and dier by factor ordering.
Finally we comment on the relationship between the analytic structure
in the WKB phase and the existence of event horizons. The logarithm in










which, as can be seen from Eq.(34) and Eq.(52) corresponds precisely to
jkj
2
= 0, i.e. the event horizon. In fact, depending on the nature of the
analytic continuation in dening the quantum wave function, the phase can









As can be seen from Eq.(34) and Eq.(52), as long as e
2
> 0, this corresponds
to the regions in spacetime for which the Killing vector is spacelike. If the
spacetime exhibits both an inner and an outer horizon, with corresponding




, say, then the imaginary part








This is proportional to the dierence between the entropy associated with
the outer horizon and that of the inner horizon, as described in the previous
Section. Note that the imaginary part of the WKB phase, which is gen-
erally related to quantum mechanical tunnelling into classically forbidden




). This analysis suggests
a connection between the tunnelling amplitude and Hawking radiation. It
is also consistent with the analysis of Kraus and Wilczeck[22], who showed
semi-classically that quantum gravitational corrections yield a vanishing am-
plitude for radiative processes at extremality.
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7 Examples
7.1 Spherically Symmetric Gravity





















































is the line element of the 2-sphere with area 4. The corre-
sponding spherically symmetric solutions to the Einstein Maxwell equations
















































is the square of the 3+1 dimensional Planck length. This
action is of the same form as Eq.(1) above. It can be veried that after the
appropriate reparametrization as described in Section 2, the reduced action
takes the form of Eq.(6), with the corresponding values for the potential V ()








W () = (2)
3=2
(122)
The most general solution to the eld equations in our parametrization can


























































The physical observables Eq.(54) and Eq.(55) are C = 2M=l and q = Q,
as expected. Note that the above metric corresponds to the usual Reissner-



















). From the expressions Eq.(72) and Eq.(82) we can calculate the













































S + 'q (130)
where ' is the electrostatic potential at the horizon.
7.2 Achucarro-Ortiz Black Hole
This black hole is a solution to the eld equations for the Jackiw-Teitelboim
theory of gravity, which can be obtained by imposing axial symmetry in
2+1 gravity[8]. It is therefore the projection of the BTZ black hole[9]. In



































where in this case x

= ft; g refer to cylindrical coordinates in the 2+1
spacetime, with angular coordinate . One then nds a reduced two-dimensional




















In the above, F

is the eld strength of the one form A

that appears in
the parametrization of the axially symmetric metric above. If we dene
l
2
:= 1=, then this is again of the desired form with V =  and W = 
3
.
The most general solution corresponds precisely to the dimensional reduction














































In this case, the phase space observables are C =M and q =  J . Note that
the U(1) charge is related to the angular momentum of the BTZ black hole.



















One can again compute the surface gravity and entropy associated with the




















7.3 String Inspired Model
The string inspired model with an electromagnetic interaction was studied
in detail in [10]. In our parametrization, the string inspired action (without
































, then V () = 1 and W () = 
2
. The most general




































































































These expressions coincide with the ones found in Ref.[10], and one can verify












We have analyzed in detail the space of solutions, physical phase space,
classical thermodynamics and quantummechanics of the most general dilaton
gravity theory coupled to a U(1) gauge potential. It was shown that the
surface gravity, Hawking temperature and the imaginary part of the WKB
phase all vanish for extremal black holes. In a future publication[24] we
will examine in more detail the properties of the WKB wave functionals in
the generic theory, both with and without U(1) charge. We also hope to
extend the analysis to more general matter couplings and to go beyond the
semi-classical approximation in the quantum theory.
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